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Abstract. A formula for the generating function of the Weil-Petersson vol- 
umes of moduli spaces of pointed curves that is identical to the genus expansion 
of the free energy in two dimensional gravity is obtained. The contribution of 
arbitrary genus is expressed in terms of the Bessel function Jq. 



The aim of this note is to prove a rather explicit formula for the generating 
function of the Weil-Petersson volumes of the moduli spaces M. g , n of smooth n- 
pointed curves of genus g that was conjectured in [O. E. Getzler noticed that 



the conecture in |L2| is identical to the formulas in ||, Sect. 5, and [g], Sect. 3 
and Appendix D, for the genus expansion of the free energy in Witten's two 
dimensional gravity {3J. C. Faber numerically checked this conjecture for the 
moduli spaces Ai^^ with n < 12 j3|. All that evidence convinced the author that 
the conjecture must actually be true not only for the Weil-Petersson volumes (see 
Theorem 1 below), but also for their higher analogues in the sense of J7| (i.e., 
intesection numbers of Mumford's tautological classes k%, n 3g s +n on M. g n ). 

We start by introducing the necessary notation. It is well known that the Kahler 
form ujwp of the Weil-Petersson metric on M. g ^ n extends as a closed current to the 
Deligne-Mumford compactification M. g>n and represents a real cohomology class 
[ujwp] £ H 2 (J\A gtn , R) which coincides (up to a factor of ir 2 ) with Mumford's first 
tautological class K\ on M. g , n H 0. It means that the Weil-Petersson volume of 
the moduli space M. g , n is finite and is given by 



Vol WP (M 



2(3g-3+ra)_ 



K 3g-3+n^ 

"■" ; = " ,,!(% :i • //; 



(For the definition of intersection numbers (k 1 1 k 2 2 ---) we refer to ||.) 

Notation 1. Fix g > 0. The generating function for the Weil-Petersson volumes 
of moduli spaces M. g , n is the series 



n 



where V gn = (k^ 9 3+n ) (we assume that Voo = Voi = Vu2 = 14o = and 

Vo,3 = l).' 
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The function (f>o(x) is completely characterized by the property that y(x) = 
4>o(x) is inverse to the Bessel function x(y) = — ^/yJ' Q {2^/y) f7|. Now, following 
(cf. also @, Eq. (2.28)), we introduce a sequence of functions fx, fi, where 

Theorem 1. For the generating function (f) g with g > 2 we have 



3g-2 nli 

V. 



<P 9 = £ <^-r&?> y'^-™ nff ( 2 ) 

|i|=3g-3 t=2 tj ' 

where I = (I2, h, ^-2) a multi-index with U > 0, 

3g-2 3g-2 

\i\= 11*11= £**> 

i=2 i=2 

and £/ie intersection numbers {t^t^ ...T^gZ^) are defined in ||. 

Remark 1. Formula (0) is identical to formula (5.27) in || that expresses the genus 
g contribution F g (to, £i, ...) to the free energy in terms of the function uq = Jp- F . 

In our setting, y(x) plays the role of 110(^0, h, ■••)• Moreover, as it was noticed by 
B. Dubrovin M, 



y(x) = Uo(t ,*i, ■■•) 

and, therefore, 

</>g( x ) = Fgito^i, •••) 



to=x,ti=Q,t k =t^j (fc=2,3,...) 



t =a:,ti=0,t fe = i^ [ (fc=2,3,...) 



The following observation, which we owe to B. Dubrovin (see the remark above), 
will be useful in proving the theorem: 

Lemma 1. The functions fi defined by relation (jlp satisfy the functional equa- 
tions 

where y(x) = 4>q{x). In particular, for i > 2 

f-iV 



/i(0) 



(•-i)r 

Proof of Lemma. According to we have 



^ = -V^)JS(2Vy(«)J=E (Jfe _ 1)! fc! 

or, equivalently, 



k=2 



(k - 1)! fc! 
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Applying the differential operator f^TT^y^) to both sides of the last equality we 
get the statement of the lemma. 

Proof of Theorem. E. Witten observed in |§ that ^-intersection numbers on 
moduli spaces of stable curves can be expressed in terms of r-intersection numbers 
and vise versa. An explicit formula was derived in |7j, Corollary 2.3. In our 
notation, adapted for the Weil-Petersson volume of the moduli space M. g , n , h 
reads 

VO r 2 r 3 ••• T 3g-2+n/ 3g-2+n , , // • > ^ 



(3,-3 + n)! , =3 ^3 + n V0 2 ,8 -'^ , Ilfe a ^i i !((i-W 

where, as above, I = (k,l 3 , -,hg-z+n), k > 0, ||/|| = h + h + ■■■ + h g -2+n and 
\l\ =l 2 + 2/3 + ... + (3g - 3 + n)l 3g ^ 2 +n- 

Now denote by <E> 5 the right hand side of equation (Q). In view of the above 
lemma and formula (H), it suffices to show that for its n-th derivative we have 

3g— 2+n rli 

E ^r^...r^n) y' 2{9 - l)+n+m \{ * (5) 

\l\=3 g -3 +n i=2 

We will do that by induction in n. The base case n = being obvious, let us 
derive equation @ for $^ n ) assuming that it holds for $^ n_1 ). Because of the 
definition of the functions /j, all we have to do is to check that 

3g— 2+n 3g— 2+n 

(r n II ^> = / 2 (2(^-l) + (r i -l) + (|K||-l))(r "- 1 JJ ^' 2 > 

i=2 i=2 
3g— 2+n 3g— 2+n 

+ e w 1 n t?-*^- 1 ). (6) 

i=3 i=2 

Actually, formula @ is an immediate consequence of the puncture and dilaton 
equations (see ||, Eqs. (2.41) and (2.45)), which in our case are, respectively, 

39-2+n 3g-2+n 3g-2+n 

<tf II ^> = E hirr'rt 2 II r^ 4 ^" 1 ) 

i=2 j=2 i=2 

and 

3g— 2+n 3g— 2+n 

(rrv a n = +(n-i)+ (iizn-i))^- 1 n t^>. 

1=2 i=2 

That completes the proof of the theorem. 

Remark 2. For g = 2 the above theorem was proven in by a different method 
similar to that of |TTJ, which is based on straightforward computations of inter- 
sections on A^2,n and does not use Witten's theory of two dimensional gravity. 

Remark 3. Theorem 1 implies that Weil-Petersson volumes behave asymptotically 
for large n as 

Vn 



4 
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with a constant C independent of g, as suggested by C. Itzykson |J. For g = 
this formula was proven in M, and the constant C was expressed there in terms 
of the first zero of the Bessel function J . 

Remark 4. In fact, the results of |7| combined with the present approach allow 
to prove an analogue of Theorem 1 for the generating function of higher Weil- 
Petersson volumes, or intersection numbers .). However, since the combi- 

natorics becomes more involved and the notation more cumbersome, the detailed 
exposition will appear elsewhere. 
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